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Abstract. Let it be the solution of u t = A log it in R^ x (0, T), N = 3 or N > 5, with initial 
value ito satisfying B^a;,!}) < Mo < -Bfc 2 (a;,0) for some constants ki > > where Bk(x,t) — 
2(N - 2)(T - t)l /{N ~ 2) /{k + (T - t) 2 l {N ~ 2) \x\ 2 ) is the Barenblatt solution for the equation. We 
give a new different proof on the uniform convergence of the rescaled function it(:r, s) = (T — 
t yX/(»-V u ( x /(T - t)- 1/{N ' 2 \t), s = -log(T - t), on R N to the rescaled Barenblatt solution 
Bk {x) = 2(N — 2)/(ko + \x\ 2 ) for some ko > as s — > oo. We also obtain convergence of the 
rescaled solution u(x, s) as s — > oo when the initial data satisfies < ito(ic) < Bk o (x,0) in R^ 
and \uo(x) — Bk o (x,0)\ < G L 1 (R iv ) for some constant ko > and some radially symmetric 

function /. 

1. Introduction 

The equation 

u t = A<j) m (u) mR N x(0,T) (1.1) 

where (fi m {u) = u m /m for m ^ and 4> m (u) = Alogn for m = arises in many physical models 
such as the flow of gases through porous media [Xj, |P]. When m = 1, (|l.ip is the heat equation. 
When m = and N = 1, the equation (jl.ip arises as the limiting density distribution of two gases 
moving against each other and obeying the Boltzmann equation [Kj, as the diffusive limit for finite 
velocity Boltzmann kinetic models |LTj . and in the model of viscous liquid film lying on a solid 
surface and subjecting to long range Van der Waals interactions with the fourth order term being 
neglected [G], |WD| . When m = and N = 2, (jl.ip arises as the Ricci flow on the complete surface 
M 2 [Wlj . |W2| . We refer the reader to the book [V3j by J.L. Vazquez for the basics of the above 
equation and the books [DKj . |V2j . by P. Daskalopoulos, C.E. Kenig, and J.L. Vazquez for the 
recent research results on (jl.ip . 

As observed by J.L. Vazquez |Vlj there is a great difference in the behaviour of the solutions of 
(jl.ip for m > (N - 2) + /N and for m < (N - 2) + /N. For example for m > (N - 2) + /N there exists 
global L 1 (R JV ) solution of (QHJ while for < m < (N - 2)+/N and N > 3 the L 1 ^) solutions of 
p. II) vanish in a finite time. For m < — 1 and N = 1 there exists no finite mass solution of (jl.ip . 

In |DS1| P. Daskalopoulos and N. Sesum proved the convergence of the rescaled solution of (jl.ip to 
the rescaled Barenblatt solution of (jl.ip near the extinction time for the case < m < (N — 2) + /N, 
N > 2, with initial data that behaves like 0(|x| _2 ^ 1_m ^) as |x| — > oo. Extinction behaviour of the 
solution of 

(u t = Alogu in 1^ x (0, T), 
I u(x, 0) = uq(x) in 

for the case N = 2 was studied by S.Y. Hsu [Hs2] . [Hs3] . P. Daskalopoulos, M.A. del Pino and 
N. Sesum [DP2] . [DS2] and K.M. Hui [Hu3] . 
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In |Hu2j K.M. Hui proved that any solution of (jl.2p with N > 3 and initial value satisfying the 
condition < uq(x) < C/\x\ 2 for all \x\ > Rq and some constants Rq > 0, C > 0, will vanish in a 
finite time. It would be interesting to find the extinction behaviour of the solution of (|1.2p for the 
case N > 3. In this paper we will study the asymptotic behaviour of solutions of (jl,2p for N = 3 
and N > 5 near its extinction time under the assumption that the initial value uq is non-negative, 
locally integrable, and 

C 

uq(x) ~ -, — as Ixl — > CO. (1.3) 

\ x \ 

Note that the self-similar Barenblatt solutions of (jl.2|) for A^ > 3 are given explicitly by 

N 

, 2(A^-2)(T-t)i!- 2 , 
B fc (x, t) = -i A _/ + , fc > 0, (1.4) 

k + {T -t)1- 2 \x\ 2 

which satisfy the growth condition (|1.3p . 

Note that the asymptotics of the solutions of the fast diffusion equation (jl.lj) for the case < 
m < 1 and the case m = (N — 4)/(iV — 2) is studied by A. Blanchet, M. Bonfort, J. Dolbeault, 
G. Grillo and J.L. Vaquez in [BBDGV] and |BGVj . Sharp decay rate of the solutions of (jl.lj) for 
the case < m < 1 and m ^ (N — 4)/(iV — 2) is proved in jBDGVj . A sketch that their proofs 
extended to the case m = is also given in appendix B of [BBDGV] . The proof in [BBDGV] . 
jBGVj and [BDGVj used Lypunov functional technique. On the other hand in this paper we will 
give a totally different proof of the asymptotics of the solutions of the fast diffusion equation (jl.ip 
for the case m = and N = 3 or N > 5 near the extinction time using a modification of the 
potential technique of P. Daskalopoulos and N. Sesum [DSlj . 

We will assume A^ > 3 for the rest of the paper. We will also assume in the first part of this 
paper that the initial condition no is trapped in between two Barenblatt solutions, i.e., 

B kl (x,0) <u {x) <B k2 (x,0) (1.5) 

for some constants k\ > hi > 0. We will consider first solutions of (jl.2p which satisfy the condition 

B kl (x,t) <u(x,t) < B k2 (x,t) in 1^ x (0, T). (1.6) 

Note that if u is the maximal solution of (jl.2p for A^ > 3 with initial value satisfying (jl.5p . then 
by the result of [Hu2j u satisfies (jl.6p . 

Consider the rescaled function 

u(x,s) = — — u ( — —,t ) , s = -log(T-t). (1.7) 



By direct computation u satisfies 

u s = A log u + — 1 9 div(x • u) in M. N x (— logT, oo). (1.8) 

By (TO]) and (fTTTj) . 

B fcl (a:) <«(x,s) < S fc2 (x) (1.9) 

holds in x (— log T, oo) where 

~ . , 2(N-2) 

B ^ = TTJxT' (L10) 

The main convergence results that we will prove in this paper are the following. 
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Theorem 1.1. Let N = 3 and let uq satisfy (|1.5p for some constant k\ > ki > 0. Suppose u is a 
solution of (|l,2p with initial value no which satisfies (jl.6p . Then the rescaled function u given by 
(|1.7p converges uniformly on M 3 and also in L 1 (M 3 ) as s — > oo to the rescaled Barenblatt solution 
Bk for some constant ko > uniquely determined by 

(u (x)-B ko (x,0))dx = 0. (1.11) 



Theorem 1.2. Let N > 5 and Ze£ u be a solution of (11.2j) initial value uq satisfying (|1.5p and 

no = £ fco + / (1.12) 

/or some constants k\ > > 0, ko > and / G L 1 (M Ar ) where B ko is the Barenblatt solution. 
Suppose u satisfies (11.6p . Letu be the rescaled function given by (11 . 71) . Thenu converges uniformly 

on R N and in the weighted space L l (B^~ ,M. N ) as s — )■ oo to i/ie rescaled Barenblatt solution B ko . 

The plan of the paper is as follows. In section 2 we will establish some a priori estimates for 
the solutions of (|1.2|) . We will prove Theorem 11.11 and Theorem 11.21 in sections three and four 
respectively. In section five we will improve Theorem 11.21 by removing the condition (II. 5p on the 
initial data. 



We start with some definitions. We say that u is a solution of (jl.2p in R x (0, T) if u > in 
i N x (0, T) and u satisfies f 1 1 . 2 f) in the classical sense in M. N x (0,T) with 

u(-,t) ->■ n in Lj oc (R JV ) as t ->• 0. 



We say that n is a maximal solution of flL2]) in R x (0, T) if n is a solution of (fO]) in l w x (0, T) 
and u > v for any solution n of (jl.2p in x (0, T). For any R > and xo £ K^, let Br(xo) = 
{x G IR^ : |x — xo| < ii}. Let ujn be the surface area of the unit sphere S N_1 in M. N . For any 
a£i, let a± = max(±a, 0). We will assume N > 3 for the rest of the paper. 



For any a > 0, we define the weighted L 1 -space with weight B a (x) := ( ir~ri w ) as 



L 1 (i3 a ,]R Af ) := // / f{x)B a {x)dx < ool 



2. Preliminary Estimates 

In this section we will establish some a priori estimates for the solutions of (jl.2p . 

Lemma 2.1. Let n, v be two solutions of (jl.2p toifft initial values uq, vq respectively. Assume in 
addition that u, v > B, for some Barenblatt solution B = B^ given by (|1.4p . Then there exists a 
constant C > such that 

(t) (/ (tt-«)+(y,i)dj/) <(/ (n -n )+(n)dn ) +CR^VT 



Br(x) I \JB 2R {x) 



and 



i i 

II,. \ 2 



JV-2 



(ti) / |n-n|(y,t)dn < / |n -n |(n)dn +CR—VT 
\Jb r (x) J \Jb 2R (x) J 

holds for any R > \x\ + V^fc^"^, x G 1^, < t < T - S, and <S <T. 
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Proof. We will use a modification of the argument of |Hu2j to prove the lemma. Without loss of 
generality we may assume that x = 0. Let rj G Cq°(M. n ), < rf < 1, be such that rj(x) = 1 for 
\x\ < 1, r) = for |x| > 2 and rj R {x) = T](x/R) for any i? > 0. Then |A?7r| < and |V?7r| < ^ 
for some constant C\ > 0. By the Kato inequality |K] , 

Of f 

(u — v) + (x,t)rj R (x) dx < / (log u — log f t)An R (x) (fx V0 < i < T. (2.1) 



0f 

Since v > for some Barenblatt solution B k 



i 



1 1 



(logu-log V )+ = (log(-JJ <C[--\y <C X - T ^<CB k *(u-v)l (2.2) 

for some generic constant C > 0. By (|2.1j) . (|2.2|) . and the Holder inequality, 
d 



Of 



(u — v)+(x, t)rj R (x) dx 



<C (u-v)l(x,t)B k *(x)\A V %\(x)dx 



4 /„\ j_ \ 2 ( / „-4 D -l| a„4 i2 



\JR N J \Jr<\x\<2R J 

<c([ {u-v) + (x,t)r, R {x)dx\ ( f B k 1 (32 V 2 R \A VR \ 2 + 288\V7 lR \ A ) dx) . (2.3) 

\JR N J \JR<\x\<2R J 

Since 

C\x\ 2 i- i 

{B k {x,t)Y x < V|x| > Vfc(T~,0 < i < T-5,0 < 5 < T, (2.4) 

by (|2.3p we have 

(u — v)+(x, t)rj R (x) dx < C -I / (u — v) + (x,t)n R (x) dx 



dt 



{T-ty 



for any B? > k5~ N ~ 2 , < t < T — S, and < 5 < T. By integrating the above differential 
inequality with respect to t, we get (i). Similarly, 

I I 

{u-v)-{x,t)dx\ <(/ (u - v )-(x,t)dx) +CR E f 2 Vf. 
b r (x) J \Jb 2R (x) J 

9 2 

holds for any f? > fc<5 , < t < T — 5, and < 5 < T. (ii) then follows by adding the above 
inequality with (i). □ 



Lemma 2.2. Let u, v be two solutions of (11.21) with initial values uq, vq, respectively. Assume in 
addition that u, v > B , for some Barenblatt solution B = B k given by fll -4j) . If f = uq — Vq G 
L 1 (R N ), thenu(-,t)-v(-,t) G L 1 (IR 7V ) for all t G [0,T). 

Proof. We will use a modification of the proof of Lemma 2.1 of jDSl] to prove the lemma. We 
introduce the potential function 

w(x,t)= [ | (log u- log «)(:c,s) | ds V0 < t < T - 5. 
Jo 
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By the Kato inequality [K] . 

A| log u — log v | > sign(ii — v )A(log u — log v ), 
and so from equation (jl.2p . we obtain 

d 

— \u — v\ < A| logit — logy]. (2-5) 

Integrating the above inequality in time, and using that |/| = \uq — Vq\, we obtain 

Aw > -|/| inR w V0<t<T. (2.6) 

Let 

Z{X) - (N-2)u N J RN \x-y\»-* dV 

denote the Newtonian potential of |/| where ojn is the surface area of the unit sphere S N_1 in R-^. 
Then by flSj) , 

A(io(-,i)-Z)>0 (2.7) 
in the sense of distributions in R^ for any < t < T. Next we would like to show that 

/ w(x,t)dx< / Z(x)dx yR>0. (2.8) 

JR<\x\<2R JR<\x\<2R 

In order to prove this estimate we first suppose that / € L l (JS, N ) n L°°(R ). By (j2.7|) and the 
mean value property for subharmonic functions, 



N f 

w(x,t) < Z(x) H jt / (w(y,t) - Z(y)) dy 

UNP JB p (x) 

N f 

< Z(x) H w / w(y,t)dy 



(2.9) 



holds for any x G < i < T, and p > 0. We claim that 

lim / w(y,i)dy = Vx £ R^, < i < T. (2.10) 



p-+oo /r- J Bp {x) 

In order to prove (|2.10p it suffices to prove that 



where 



lim \h (p, t) = and lim —^hip, t) = V0 < t < T 

p— >oo p" p— s-oo p N 



h(p,t)= / (logw- logt>) + (y,s)dyds 

JO JB (x) 



h(p,t) 



/ / (logu-log«)_ (y,s)dyds. 
Jo Jb p {x) 
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Since u and v are the solutions of (|1.2p . by the Green Theorem f [GTj ) and an approximation 
argument, 



d f 

— \ (u- v) + (y, s)(p 2 -\x- y\ 2 ) dy 

B p (x) 



ds 



A (log it - logv) (y,s)(p 2 -\x- y\ 2 )dy 

B p (x)n{u>v} 



< / (logu - logv) (y, s)A(p 2 - \x-y\ 2 )dy 

J B p (x)n{u>v} 

- / (logu - logv) (y,s) — (p 2 - \x - y\ 2 )d(j y 

Jd{B p (x)n{u>v}} <JV 

< — 2N / (logu — \ogv) + (y, s) dy 

JB p (x) 

+ 2p (logu-logv) + {y,s)da y VO < s < T (2.11) 

JdB p (x) 

where ^ is the derivative with respect to the unit outer normal v on d{B p (x) n {u > v}}. Inte- 
grating (|2.1ip with respect to s over (0,r), we have 

(u - v) + (y, r)(p 2 -\x- y\ 2 ) dy 

B p (x) 

< / {uq-vq) + {p 2 -\x -y\ 2 )dy 

JBp(x) 



2N / (logu - logv) + (y,s)dyds 

J0 JBp(x) 



+ 2p / (logu- logv) + (y,s)da y ds VO < r < T. (2.12) 

JO JdB p {x) 



Integrating (|2.12p with respect to r over (Q,t), 

n(u - v) + (y,r)(p 2 -\x- y\ 2 )dydr 
J P {x) 

<T (u - v ) + (p 2 -\x- y\ 2 ) dy 

JBp(x) 

ft rr 



2N / / / (logu — logv) + (y, s) dy ds dr 

JO Jo Jb p (x) 



+ 2p [ [ [ (logu -log v) + (y,s)da y dsdr VO < t < T. (2.13) 

Jo Jo JdBp(x) 

Let < to < T and 5 = T — to. Now we divide the proof into two cases depending on whether 

/ / / (logu — logu ) + (y, s) dydsdr < oo (2-14) 
Jo Jo Jr n 

or 

rto rr p 

/ / / (logu — logv) , (y, s) dy ds dr = co. (2-15) 
Jo Jo Jr n 



Case 1: (12311) holds. 
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Then for any < S' < t , 

-t 



oo 



/•to r~r r 

> / / / (log u - log v), (y,s)dy ds dr 
Jto-S' Jo Jr n 



Ito- 
tS' / (log u- log v) + (y,s)dyds \/0<t<t -5'. 
Jo Jr n 



(2.16) 



Hence 

1 1 m 



lim -^jhUt) = V0<t<t -5'. (2.17) 



Since 5' is arbitrary, (|2.17p holds for any < t < to 
Case 2: ([2~15]) holds. 
By the l'Hospital rule, 

rto rr 



1 f t0 f T f 
lim / / / (logit — logv) , dydsdr 
p' v Jo Jo J Bp Or) 

= lim Ar If i III (logu - log v) , da y ds dr. 
p^co Np N ~ 1 J J J dBo(x) 



(2.18) 



Let n = |x| + fc5 By (|2.2p . (|2.4p . Lemma 12. 1( and the Holder inequality, for any p > 

i 

I xl + fc<5 N ~ 2 and < t < T - S, we have 



~N I I I (logu - log v) + dydsdr 
' Jo Jo Jb p (x) 



ft fT 



p 
1 

P N Jo Jo J B p (x)nB ri (0) 
rt rr 




(log u — log v), dy ds dr 



+ -jj I I I (logu - log v), dydsdr 

P Jo Jo J B p (x)\B ri (0) 

-~W I I I (u-v)l(y,s) dydsdr 
P Jo Jo Jb t1 {o) 

+ ~W I I ( —t\\ (u-v)l(y,s)dy) dsdr 



< 



P N Jo Jo (T - s)t \JB p (x) 

1 

ii rt rr / r \ 2 



%ff(l (« - «) ) " * ^ + CTi f + I (2.19) 

P JO JO WB n (0) / I p-~ V J 



V 

for some constant C\ > 0, C > 0, depending on 5 and fc. By (|2.19p the limit in (|2.18p is finite. 
Since u - v € L 1 ^), 

lim [ (u - v ) + (y) dy = 0. (2.20) 
Dividing f|2. 13|) by p N and letting t = to and p — > oo as % — > oo, by (|2.18p and (|2.20p . 

lim-^/°/ (u-v) + (y,r){p 2 -\x-y\ 2 ) dydr = 0. (2.21) 

i~>oo p N J Q J Bp{x) 
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Let < e < 1/2. Since 

I r£ y 1 2 

P 2 - 1_ (1_ 6 )2 G 5 (l-^)p( X )' 

by (|2.2p . (|2.4p . Lemma |2. 11 and the Holder inequality, for any p > |x| we have 

n(logu-logt)) + (y,s)dy (is 

n(logu-logi;) + (y,s)(iy 
3 {1 _ e)p (x)nB ri (0) 

+ [ [ (log it- log v) + (y,s)dyds 

Jo J B (1 _ e)p (x)\B ri (0) 

ni f to 1 / f I N 

{u-v)l{y,s)dyds + C 2 / p ■ {u - v) 2 + dy 

-Mo) J a (T-s)z \J B {1 _ t)p (x) , 

<CsT+ ; CzP 2 ^ (f° f ( u -v) + (y,s)(p 2 -\x-y\ 2 )dyds) 
5z (1- (l-e) 2 )2 \Jo Jb p {x) ) 

for some constants C 2 > 0, C 3 > 0. Thus by (l2T2Tp and (I2T221) . 

l[m ~W f I (logu - logv), (y, s) dy ds = 0. 

P^°° p» J J B(1 _ e)p(x) 

Now for any y S B p (x) \ B^ l _ t - )p {x) and p > 2(|x| + r{) we have 
3 

— p > \x\ + p > \y\ > |x — y| — |x| > (1 — e)p — |x| > n. 
Hence by (|2.2p . (|2.4p . Lemma [2~T1 and the Holder inequality for any p > 2(\x\ + r±), 

n (log it- logv) + (y,s)dyds 
-i P (x)VB ( i_ £)p 0z) 

n_i I 
u 2 (u — v)+ dyds 
J p (x)\B {1 _ e)p (x) 

"to i 



< Cp / - / (u — «)^. dyds 

Jo (T - s)* J B p (x)\B (1 _ e)p {x) 

< C (i - (i - c)") 1 Vt p t + 1 (ll/H^^ + p n ^t) h 

for some constants C > 0, C" > 0. Hence 

1 /"*" /" i 

lim sup -jT / / (log u - log v) + (y, s) dyds < C' (l - (1 - e)^) 2 T. 

p->oo p Jo J B p (x)\B (1 _ e)p (x) 
By (IS^l and tf£M|), 

limsup^/i(p,t ) < C"(l- (1-eH^T. 

p— >oo p 

Since < e < 1/2 is arbitrary, letting e — » in (I2.25|) we get that 

lim -^rli(p,t) = 

p->oo p" 
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holds for any < t < t . By Case 1 and Case 2, (|2.26p holds for any < t < t . Since < t < T 
is arbitrary, (|2.26j) holds for any < t < T. Similarly, 

lim -^h(p,t) = V0 < t < T 

p— YOO p" 

and dUHD follows. Letting p -> oo in ([23]) . by (|2~T0j) . 

iu(a?, t) < Z(x) VxGl iV ,0<KT. (2.27) 

By (12371) . w e get that (USD holds for any / G L 1 ^) n L°°(R N ). 

For general / G L 1 (]R 7V ). Let <p G Cq°(R jv ) be such that < ip < 1 and f RN ip = 1. Let 

* e (v) = (f ) 

and 

g e (x) = g * (p e (x) = g(x - y)ip t (y) dy 

JR N 

for any < e < 1 and 5 G L 1 (R JV ). Then by ([277j) . 

A (u> e - Z 6 ) > in V0 < t < T. 

Hence 

w e (x,t) < Z e (x) + ^ / w e (y,t)dy Vp > 0, rr G R N , < t < T. 

UNP" Jb p (x) 

Therefore 

/" w e (x,t)dx< J Z e (x)dx+ J I jt [ w e (y,t)dy\ dx \/R>0. 

jR<\x\<2R Jr<\x\<2R JR<\x\<2R \^NP J B p (x) J 

Letting e — > 0, 

f w(x,t)dx< j Z{x)dx+ f I jt [ w(y,t)dy \ dx 

JR<\x\<2R JR<\x\<2R Jr<\x\<2R \^NP J B p {x) J 

< [ Z(x)dx+ [ I N [ w(y,t)dy) dx. (2.28) 

JR<\x\<2R Jr<\x\<2R \^NP JB p+2R (0) J 

By ([230]), 

lim ~n I w(y,t)dy = 0. 

p^oo p» J Bp+2R (o) 

Hence by letting p — > 00 in (|2.28p . (|2.8j> follows. Let t]r be as in the proof of Lemma |2~T1 By (|2.5D . 



/ |u — t)r/^ da; < / \f\dx+ / | log u — log u| | Ary^l ctecis 

il" il^ JO JR<\x\<2R 

C f 

< ||/IUi(iiiw) + ^2 / w(x)dx. 

n JR<\x\<2R 



(2.29) 
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By dZHD, 

f w(x,t)dx < . 1 . f (f , ^ V. , dy) dx 

Jr<\x\<2R N(N - 2)uj n J R <\ X \<2R \Jrn \x - y\ N 2 J 

< C [ \M\ [ I | dX [N _ 2 ) dy (2.30) 

Jrn \Jr<\x\<2r \x - yr J 

<C [ \f(y)\J R (y)dy. 

where J R {y) = §r<\ x \<2R \ x Jy\N-2 - Let R < \x\ < 2R. Then for \y\ < we have \x — y\ > \x\/2. 
Hence 

Mv) < / - , xjV „ 2 < CR 2 W\y\ < -. (2.31) 

JR<\x\<2R 2 

For \y\ > AR, we have \x — y\ > \y\/2 > 2R. Thus 

r dr 

Mv) < / < CR 2 V\y\ < AR. (2.32) 

JR<\x\<2R {2R) 

Finally for 5 < \y\ < AR, we have \x — y\ < 6R. Therefore 



dT R 
My) < I , iN _ 2 < CR 2 V- < \y\ < AR. (2.33) 

\x-y\<6R \X — y\ ^ 



By ([230]) . $ZM, and Q£MD , 

/ w(x,t)dx < C'R 2 \\f\\ L i V0<t<T (2.34) 

ii?<kl<2R 



'/?<|x|<2R 

for some constant C" > 0. By (j2T2H and (j2"34j) . 



|u- v\(x,t)rj R (x)dx < C\\f\\ L i {R N) VR > 0,0 < t < T 

for some constant C > 0. Letting i? — )• oo, we get 

lu-uKx.tJdx^CH/IUi^) V0<t<T 

and the lemma follows. □ 

By an argument similar to the proof of Corollary 2.2 of [DS1| but with Lemma 12.21 replacing 
Lemma 2.1 of |DSlj in the proof, we have the following L 1 -contraction principle for the solutions 
of (|1.2|) that are bounded below by some Barenblatt solution B. 

Lemma 2.3. Let u, v be two solutions of f)1.2|) with initial values uq, vq respectively and f = 
uq — vq G L 1 (]R Ar ). Assume in addition that u, v > B, for some Barenblatt solution B = B^ given 
by (H3I). Then 

u(-,t) — v(-,t)\ dx < / \uQ — vo\dx, Vi € [0, T). 



As a consequence of Lemma 12.31 we have the following result concerning the rescaling solutions 
u and v of solutions u and v of (11.21) . 
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Corollary 2.4. Let u, v, uq, vq, be as in Lemma \2.3l If uq — vq G L 1 (R N ), then 
\u(x, s) — v(x, s)| dx < I \uq — vq\<Ix, Vs > — logT. 



3. The integrable case (N = 3) 

This section will be devoted to the proof of Theorem ll.il Note that when N = 3, the difference 
of two solutions u, v, satisfying (|1.6p is integrable. We will use a modification of the technique 
of |Hsl| to prove Theorem 11.11 We begin this section with the following technical lemma, which 
constitutes the main step in the proof of Theorem 11.11 

Lemma 3.1. Let N > 3, s > 0, < / G L 1 (R N ) n L°°(R N ) and < g,g G C(R N x (0,s ]) n 
L 1 (R JV x [0, s ]) such that < g < g on R N x (0, s ). Leta(x,s) G C°°(R N x (0, s ]) satisfy 

Ci(l + |x| 2 ) < 5(x,s) < C 2 (l + |x| 2 ) Vx G R^, < s < so, (3.1) 
/or some constants C\ > 0, > 0. For any R > 1, Ze£ Pr(x, s) 6e a solution of 

p s (x,s) =A(d(x,s)p(x,s)) + _ dw (z • s)) in Br(0) x (0, s ) 

p(z,a) =g(x,s) on &Br(0) x (0,s ) ( 3 - 2 ) 

[ p(x,0) =f{x) in -Br(O) 

T/ien i/iere exists a sequence of positive numbers {R{\ c *l 1 , Ri — > oo as i ^ oo, depending on g and 
independent of g such that p Ri converges uniformly on every compact subsets of R N x (0, sq] as 
i — > oo to a solution p of 

q s = A (a{x, s)q) + — _ - div{x ■ q) (3.3) 

in R N x (0, so] which satisfies 

/ p(x,s)dx< / f dx V0<s<s . (3.4) 
J«. N Jr n 

Proof Since g G L 1 (R N x [0,s ]), 

i r s 



' / g(y, s) do"i? ds dR — ^ as i — > oo (3.5) 

J|a;| = R 



'\x\=R 

where doR is the surface measure on 8Br(0). For each i G N, there exists i?j G [i/2,i] such that 



n 



/ g(y,s)da Ri ds = min i / / #(y, s) dcr/jcis > . (3.6) 

J\x\=Ri %<R<i [JO J\x\=R J 



Then by (l33|) . 



2 



/ / <?(?/, s) da Ri ds — >• as z — >• oo 

J0 J>|=-Rj 



=4- Ri / / g(y,s) da^ds —> as i — )• oo. (3-7) 

J0 J\x\=Ri 

By choosing a subsequence if necessary we may assume without loss of generality that Ri+± > Ri 
for any i G N. By (|3,ip and the Schauder estimates for parabolic equations [LSUj . the sequence 
{P-Ril^i is equi-Holder continuous in C 2 ' 1 on every compact subsets of R^ x (0, so]. Hence by 
the Ascoli Theorem and a diagonalization argument there exists a subsequence, which we will still 
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denote by {pi^j^i, that converges uniformly on every compact subsets of M. N x (0, Sq] to a solution 
p of (1331) in R N x (0, s ] as i -> oo. 

It remains to prove (|3.4p . We fix si S (0, so] and define the operator L by 



-x • Vip. 



N -2 

For any i? > 1 and h G C£° (£#(())), < /i < 1 on -Br(O), such that 

h(x) = on B r (0)\Br(0), 

let i/jr(x, s) be the solution of 

£[</>]= mB R (0) x (0,si) 
V>(x, s) = on 5^,(0) x (0, si) 
^(x, si) = h(x) in .Br(O). 

By the maximum principle < V'iJ < 1 in B R (0) x (0, si). Let 



H k {x) 



■)2k 



1 



2A- 



fi 2fc 



2 2fc -l 

for some k > to be determined later. By direct computation for any k E N 
2 2fc ^ 2A;|x| 2fc - 2 " 



^[^W]<-^^2T3T 
on B R (0)\B R/2 (0) and 



J? 2 * 



Ci(iV + 2k - 2) + d(N + 2k-2) 



1 



iV-2 



iJ fe (x) =0 V|x| = R 

H k {R/2) =1 > ip R {x,s) \/\x\ = R/2,0 < s < s\. 



We now choose k > 2 c 1 (jV-2) + ^ Then by (13.101) . 



L[H k (x)]<0 mB R (0)\B R (0). 



(3i 



(3.9) 



(3.10) 



(3.11) 



(3.12) 



Hence H k {x) is a super-solution of L(£) = in (B R (0)\B R/2 (0)) x (0,si). By (|3Tg]) . (I3T9]) . (^TTT) . 
(I3J2D . and the maximum principle in (i?^(0)\-Bft/2(0)) x (0, si), 



2^ / I I ^ \ 

^(x, s) < H k (x) = ^j—j ( 1 - ^-J on ( J B i? (0)\ J B i?/2 (0)) x (0, Sl ). 



(3.13) 



Then by (l3TTT|) and (I3TT3]) . 





< 


d 


du 




du 



2 2k 



Qy \ 2 2fc - 1 



\2k 



R 2k 



<^ ondB R (0) x (0,si) 



for some constant C > depending on /c where is the derivative with respect to the unit outer 
normal u on the boundary dB R (0). 
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Multiplying ()3.2[) by ipR and integrating over Br(0), by integration by parts, (|3.ip . and (|3.9 

we get 



d_ 

ds 



p R ip R dx 



\x\<R 



x\<R 



V>r, s + aAip R 



1 



N 



-x ■ V^R 



PR dx 



l\x 



\x\=R 



~ dip R 
a g d(T R 
ov 



a 9 a 

x\=R OV 



doR 



< CR 



gdcjR 



V0<s<si, R>1. 



x\=R 



Hence 



p R (x,si)h(x)dx < 



x\<R 



f(x)ip R {x,0)dx + CR 



x\<R 



gda R ds. 



\x\=R 



(3.14) 
(3.15) 



p(x, si) dx < 
Since < s\ < sq is arbitrary, (|3.4p follows. 



We now choose h(x) = rjR/^(x) where t/r/^x) is as in the proof of Lemma 12.11 By the maximum 
principle pr > in Br x (0,oo). Then putting R = Ri 'm (|3.15p and letting i — > oo, by (|3.7|) . 

/ dx. 

□ 

Lemma 3.2. Let N > 3. Let u, v, be two solutions of (jl.2p with initial values uq, vq, satisfying 
(jl.5p for some constants k\ > /c2 > and let u, v, be given by (jl.7p with u = u, v, respectively. Let 
uq(x) = u(x, — logT) andvo(x) = v(x, — logT). Suppose u, v, satisfy (|1.6p and 



mm 



[u - V ) + \\ L o 



, \(u - v ) 



Then 



(u-v)(-,s) 



< IN ~ V \\ L i 



} )>0. 



Vs > - log T. 



(3.16) 



Proof. We will use a modification of the proof of Lemma 2.1 of |Hslj to prove the lemma (cf. 



Lemma 3.1 of |DSlj ). Let q 



v. Then q satisfies f|3.3[) in 
-1 dO 



log T, oo) with 



a(x, s) 



(3.17) 



(3.18) 



Iq 9u + (i-e)v' 

Since both u and v satisfy (II. 9p . a(x, s) satisfies the growth estimate 

k2 + \x\ 2 v k\ ~\~ \x\ 2 

— < a (x,s) < — -. 

2(N -2) ~ V ' ' ~ 2{N -2) 

Hence (|3.3p is uniformly parabolic on any compact subset of x (— logT, oo). 

For any R > 0, by standard parabolic theory there exist solutions q?, Q2 of O in Qr = 
Br(0) x (— logT,oo) with initial values g + (-, — logT), <?_(•, — logT) and boundary value q + , q~ on 
<9-Br(0) x (— logT, oo), respectively. Notice that q^ — q^ is a solution of f)3.3[) in with initial 
value q(-, — logT) and boundary values q. By the maximum principle q = qf' — q§ on Qfl- Similarly 
there are solutions qf, of (|3.3p in Qr with initial values (/+(•, — log T), (/„(•, — logT) and zero 
lateral boundary value. By the maximum principle 



< qf < qf and < q% < q$ 



R 



R 



and qf < 



in Q R 

in Q R MR' >R> 0. 



(3.19) 
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Since both u and v satisfy (|1.9p . 

\q\ < B k2 -B kl in R N x (-logT.oo). (3.20) 

By (|3.19p and (13.20|) the families of solutions qf (x,s) and q 2 {%,s) are monotone increasing in R 
and uniformly bounded above by B k2 — B kl , which implies 

q 1 = lim qf and q 2 = lim q 2 

R—^oo R—too 

exist and are both solutions of (j3.3[) in 1^ x (0, oo). 

Let rjiy G Cq°(M n ) be as in the proof of Lemma l2.1i By Lemma 12.21 and the same computation 
as the proof of Lemma 2.1 of [Hsl] , 



\q(x,s)\r] R >(x)dx - / \u -vo\(x)r] R ,(x)dx 

= / \a(x,T)qf-(x,r)Ar] R/ - — — - q^(x,r)x ■ Vrj R ' ) dxdr 

./-logT J\x\<R V iV — 2 J 

+ [ f (a(x,T)c${x,T)&r) R i - — ^—q 2 (x,T)x- Vrj R > J dxdr 

J-logT J\x\<R V iV - 2 / 

-2/ mM(gf(x,«),gf(aj,s))?7#(2:)da; \/R > 2R' > 0, s > - log T. 



Hence 



\q(x,s)\rj R '(x)dx - / \u Q - v Q \(x)r) R >(x) dx 

< — 2 / / a(x,T)qi(x,T) dxdr + C / / qi (x,T)dxdr 

R' J-logT J R'<\x\<2R' J-logT Jr'<\x\<2R> 

H 2 / / a(x,T)q 2 (x,r) dxdr + C / / q 2 (x,r)dxdT 

R' J-logT JR'<\x\<2R' J-logT J R'<\x\<2R' 

-2 1 min(qf(x,s),q R (x,s))r] R/ (x)dx Vi? > 2R' > 0, R > R > 0, s > - log T. 



|<R 

(3.21) 

By Corollary E31 



< q+, q~ < \q\ G L 1 (]R iV x (— logT, s)) Vs>-logT. (3.22) 

Let s > — log T be fixed. Then by (|3.22j) and Lemma [3.11 there exists a sequence of positive numbers 
R L — > oo as i — > oo, such that q l \ q 2 \ converges uniformly on every compact subset of 
K N x (— logT, s] to some solutions q±, q 2 , of (|3.3p respectively as i — > oo. Moreover 

{f RN qi(x, r) dx < f RN \u - Vq\ dx V - log T < r < s 
J r n Q2(x, t) dx < J RN \u - v \ dx V - log T < r < s. 

Hence 

fi^e^Rx [0, 8 ]). (3.23) 
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Putting R = Ri in ([331]) and letting i ->■ oo, by (pTLgl) . 

|g(x,s)|77 fl /(x)da; - / |u - 5q| (rc)^ (x) dx 



<C / / qi(x,r)dxdT + C / / q 2 {x,T)dxdT (3.24) 

J -logT JR'<\x\<2R> J-logT JR'<\x\<2R> 

— 2 / min(q 1 (x, s), g 2 (x, s))t]ri dx MR' > 1, i?o > 0. 



By ([323|), 



■logT J_R'<|x|<2fi' 

Hence letting i?' -> oo in (pT24"|) . 



// ^'(^j T ) — >• as R' — > oo, j = 1, 2. 

-logT 7_R'<|x|<2R' 



|g(x, s)| ckc < / |uo — vq\(x) dx — 2 / mm(q 1 (x,s),q 2 (x,s))dx (3.25) 

holds for any Rq > 0, s > — log T. We now choose > such that 

min(||(S - uo)+||L«'(B flo (o)). II («o - 11^(5^(0))) > 0. 
Since q x > q 2R ° and q 2 > q 2 ^ , by (l335j) . 

/ \q(x,s)\dx- \u -v \(x)dx<-2 mm(q 2 + R ° (x , s) ,q 2 _ R ° (x , s)) dx Vs>-logT. 

Vr^ Vr^ J\x\<Rq 

Since ^^"(a;, s) and q 2 ^ to (x,s) are the solutions of (|3.3[) in Q2i? with zero boundary value and 
initial values <?+(•, — log T), g+(-, — log T), respectively, by the Green function representation for 
solutions, for any s > — logT, there exists a constant c(s) such that 

min a 2 ?"' > c(s) > and min q 2R ° > c(s) > 

\x\<R \x\<R 

and the lemma follows. □ 

We next note that B k given by ([l.lOp is a stationary solution of (jl.8p for any k > 0. By an 
argument similar to the proof of Lemma 1 of |ORj we have the following lemma. 

Lemma 3.3. (cf. Lemma 1 of [ORj ) Suppose \\u(-,Si) — ^o||l 1 (r jv ) — > as i — » oo. If w is a 
solution of ()1.8p in M. N x [0, oo) with initial value w(x, 0) = wq(x), then 

||to(-,s) - B k \\ L i( RN ) = \\wq - -B fc || L i (R jv) Vs > 0, k > 
where B k is given by (jl.lOp . 

Proof of Theorem Since the proof of the case N = 3 is similar to that of jHslj and section 
3 of jDSlj . we will only sketch the argument here. Let 

f(k) = / (u (x) - B k (x))dx. 



Then f(k) is a continuous monotone increasing function of k > 0. By (jl.5p . f{k\) > > /(fe)- 
Hence by the intermediate value theorem there exists a unique ko such that f(ko) = 0. By (jl.9p . 
Lemma |3.2| Lemma 13.31 and an argument similar to the proof of Theorem 2.3 in |Hslj . one gets 
that the rescaled function u(-,s) converges uniformly on M 3 , and also in L 1 (M 3 ), to the rescaled 
Barenblatt solution B ko as s — > oo. □ 



16 



KIN MING HUI AND SUNGHOON KIM 



4. The non-integrable case (N > 5) 

In this section we will prove Theorem 11.21 Since the difference of any two solutions u, v of 
(|1.2p that satisfies (II. 6p may not be integrable when N > 4, for any solution u that satisfies (II. 6p 
we cannot ensure the existence of a constant feo > such that (ll.lip holds from the condition 
(11.61) alone. Thus we need additional conditions on the initial data to ensure convergence. We 
will assume that uq also satisfies (11.12P for some constant ko > and function / £ L 1 (R Ar ) in this 
section. Unless stated otherwise in this section we will assume that u is a solution of (ll.2p which 
satisfies the bound (jl.6p . u will denote the rescaled solution defined by (jl.7p . and L?fc will be the 
rescaled Barenblatt solution given by (|1.10p . 

We will use a modification of the technique of [DSlj to find the asymptotic behaviour of the 
solution of (ll.2p near its extinction time T. The following simple convergence result will be used 
in the proof of Theorem 11.21 

Lemma 4.1. Let uq satisfy (|1.5p for some constants &2 > k\ > and u be a solution of fll .2[> that 
satisfies (ll.6p . Lei u oe gifen (jl.7p . Lei {sj}?^ &e a sequence of positive numbers such that 
Si — > oo as i oo andui(-,s) = u(-,Sj + s). T/ien i/ie sequence {ui}°? =1 has a subsequence {Sj fe }^_ 1 
i/iai converges uniformly on every compact subsets ofM. N x (—00,00) to a solution w(x,s) of (ll.8p 
in R w x (—00,00) which satisfies (jl.9p m R^ x (—00,00) as k ^ 00. 



Proof. Since 2 satisfies (II. 9|) in 1^ x (— logT, 00), equation (11. 8j) is uniformly parabolic on L?r x 
_ io|T _ s ^ ^ £ Qr ^> > q gy Schauder estimates for parabolic parabolic equation |LSU] 

the sequence U{ is equi-Holder continuous in C 2 on every compact subsets of W N x (—00, 00). Hence 
by the Arzela-Ascoli theorem and a diagonalization argument the sequence {ui}'^ =1 has a convergent 
subsequence {ui k }'£L l that converges uniformly in C 2 on every compact subsets of R^ x (—00,00) 
to a solution w of (11.8P in R N x (—00,00) which satisfies (11.9P in R^ x (—00,00) as k — > 00. □ 



Lemma 4.2. Lei N > 5 and Zei u, t; ; 6e too solutions of (jl.8j) u>ii/i initial values uq, vq, respectively 
which satisfy (|1.9p . Lei L? = L?fc 2 . Suppose uq — vq G L 1 (L? ct , 1^) u>ii/i a = ^y^. T/ien i/iere exisis 
a constant C > suc/i i/iai 

/ \u-v\(x,s)B a (x)dx<[ \u -v \B a (x)dx + Cs Vs>-logT. (4.1) 

JR^ JR^ 

Proof Let t/_r S Cg°(R ) be as in the proof of Lemma [2. II and let q = 5 — ?;. By the Kato inequality 
[K] q satisfies 

\q\ a < A(|logu-logv|) + — — -V(x- \q\) in R^ x (-logT,oo) 

in the distribution sense. Then 
d f 

— / \u — v\ (x, s)B a {x)r) R {x) dx 
as J r n 

< / I log it - logu|(x, s) (B a (x)Ar] R (x) + r] R {x)AB a {x) + 2VB a {x) -Vr] R (x)] dx 

- T7~—^ [ \u-v\(x,s)x-\ VR (x)VB a (x) + B a (x)Vr IR (x)} 
- 2 Jrn (. > 



dx. 
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Hence 



— / \u — v\(x, s)B a (x)r] R (x) dx 
ds J r n 

< / \logu-logv\(x,s)(B a (x)Ar] R (x) + 2VB a (x)-S/r] R (x)) dx 



1 



N-2 



+ 



u — v\ (x, s)B a (x) x ■ Vr/ R (x) dx 
1 



a(x,s)AB a (x) 



N-2 

=h 7 R + h,R + h,R Vs > - log T. 

where a(x,s) is given by (I3.17|) . By direct computation, 

~ _ (Ar- 4 )(2|x| 2 + fc 2 AQ 
{ ] ~ (k 2 + |x| 2 ) 2 

Since u, v, satisfies (|1.9p . by (|3.17p a(x,s) satisfies 



x ■ VB a (x) >\u— v\(x, s)rjn(x) dx 



B a < in 



2(N - 2) 
Then by g3J) and 

a(x,s)AB a (x) 



< a(x, s) < m E JV x (- log T, oo). 



2(N - 2) 



1 -x • VB a (x) < k2 + ^] AB a 



1 



JV-2 



2(iV-2) N-2 
k 2 (N -4)N 



x ■ VB a (x) 



2(N -2){k 2 + \x\ 2 ] 



B a (x) < 



in M. N x (— logT, oo). Hence 
Since u,v>B, 



h,R < o. 



log u — log ul 



for some constant C > 0. Then 















log 


(I) 











C|(u/u)-l| if5>v 
C|(t;/u)-l| if^>5 



<C7 J B^ 1 |u- «| 



/i,Ji|<C7i / IiI-uKx,^- 1 ^) B a (x)A VR (x) + 2VB a {x)-V VR (x) 



B 2 r\Br 



dx 



Since 



\B\ \B~ l \<CR\ |VB|<-^, |A5|<^, |V % | < ^, \A m \ < ^ 



and 



< 



C 



\u — v\ < 

in B 2 r(0)\B r (0) for any J? > 1 and some constant C > 0, by (|i7T|) 

< C" V-R > 1, s > - logT. 
Similarly there exists a constant C > such that 

\h, R \<C \/R> 1,8 > -logT 
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By (S3]), (BSD, (3D, and flHDJ), 

d 



— / \u-v\(x,s)B a (x)r] R (x)dx < C \/R > 1, s > - logT 
ds 7 r jv 

for some constant C > 0. Integrating the above differential inequality and letting R — > oo we get 
(|4,ip and the lemma follows. □ 



Lemma 4.3. Lei iV > 5 and let u, v, be two solutions of (jl.8p with initial values uq, vq, satisfying 
(US) and So-^e L 1 ^ ,!^) «n«i a = Let B = B k , 2 . If 

(4.11) 



— 2 . ^„ ^ — ^ K2 

max | Sq — SqI 7^ 0, 



then for any s > — logT there exist constants C(s) > and Rq > 1 suc/i i/iai 



(5-tO(-,s)J3 a f7B 





< 







C(s) MR > # c 



(4.12) 



(n - S ) (■,s)B a r] R 
where r/ R is as in the proof of Lemma \2.1\ 

Proof. We will use a modification of the proof of Lemma 4.1 of |DS1] to prove the lemma. Let 
r)R G Cq°(M n ) be as in the proof of Lemma I2TT1 Let q = u — S and a(x, s) be given by (|3.17p . By 
the proof of Lemma 14.21 (|4.2p holds. Integrating ([43 



j(x,s)\B a (x)n R (x)dx - / |S - v \B a (x)rj R (x) dx 

Jrn 

<f [ a(x,T)\q\(x,T)(B a A? ]R + r ]R AB a + 2V? ]R -VB a ) dxdr 

J-\o?,TJVl N v 7 

\q\(x,T)x- (B a Vr] R + r] R VB a ) dxdr. 



1 



N-2 



logT 



Hence 



< 



C_ 
R? 



+ 



x,s)\B a (x)i] R (x)dx - / \u Q -v \B a (x)rj R (x)dx 
a(x,T)\q\(x,T)B a (x) dxdr 

a(x,T)\q\(x,T) VB a (x) 



logT JR<\x\<2R 
C rs 



R 



logT JR<\x\<2R 



dx dr 



+ C / \q\(x,T)B a (x)dxdT 

J — logT J R<\x\<2R 

+ f [ \a(x,T)AB a --^—x-VB a \\q\(x,T) VR (x)dxdr 

J — log T JR I iV - 2 J 

=ii,.R + h,R + is,* + d 4 /? Vt7 > 0, s > - log T. 



Now by (gSD , 

|Vi? Q | < CR~ l B a MR < \x\ <2R,R>1 
for some constant C > 0. Then by (|4.4p and (|4.14p . 

< / 2 ,i? < CIi.b < CT 3)jR Vi? > 0. 

Since by Lemma |4.2[ 



(4.13) 
(4.14) 
(4.15) 



ST 



|g| (cc, r) J B a (x) dxdr < 00 Vs>-logT, 
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we have 

lim I 3R = lim / / \q\(x, r)B a {x) dxdr = 0. (4.16) 

R^oo R ^°° J-logT JR<\x\<2R 

By KT5\i and (ITOD . 

lim J 1>fl = lim I 2>R = 0. (4.17) 
R—^oo R— »oo 

By (j4.5|) and (|4.1ip for any s > — logT there exist constants C(s) > and i?i > 1 such that 

h, R <-C{s) \/R>Rx. (4.18) 

By (|4.13|) . (|4.16p . (I4.17P and (|4.18p . for any s > - logT there exists a constant i? > R\ such that 
(|4.12p holds and the lemma follows. □ 

By Lemma [4.31 and an argument similar to the proof of Lemma 1 of Osher and Ralston jORj but 
with the L 1 norm there being replaced by the L l (B a ,R N ) norm we have the following result. 

Lemma 4.4. (cf. Lemma 1 of |ORj ) Let N > 5, a = (N — 4)/2, and Bk be the rescaled Barenblatt 
solution. Suppose \\u(-, Si) — u>o\\ Ll ^ a — >■ as i — > oo. If w is a solution of (II. 8p in R N x [0, oo) 
with initial value w(x,0) = wq{x), then 

\\w(-,s) — Bk \\ L i(§ a ^Nj = ||^o — -Bfco \\l 1 (b c ',r n ) ^ s ^ ^ - 

By an argument similar to the proof of Claim 4.4 of |DS1| but with Lemma 14.31 and Corollary 
12.41 replacing Lemma 4.1 and Corollary 2.2 in the proof there we have the following result. 



Lemma 4.5. Let N > 5 and let uo, u, u, Ui, Ui k and w be as in Lemma \4-1\ Then the sequence 
Ui k (x,s) converges to w(x,s) in L l (B a ,M> N )-norm as k — )■ oo. 

Then by the same argument as the proof of Theorem 1.2 of |DS1] on P.110 but with Lemma 4.2, 
Lemma 4.3, and Claim 4.4 there being replaced by Lemma l4.41 Lemma [4.1 1 and Lemma l4.5[ we get 
Theorem 11.21 This completes the proof of Theorem 11.21 

5. Improvement 

In this section we will improve Theorem 11.21 by removing the assumption uq > B^ix^) where 
Bkii x i is given by (|1.4p for some T > 0. Let T > and ko > be fixed constants. Denoting by 



2(N-2)(T -t) 
B ko (x,t) = 



iV-2 



2 

JV-2 |„|2 



k Q + (T-t)^- 2 \x\ 
we will prove the following result. 

Theorem 5.1. Let N > 5. Suppose 

< u < B ko (x,0) inR N (5.1) 

and 

\u (x) - B ko (x,0)\ < f(\x\) G L^R") (5.2) 

for some nonnegative radially symmetric function f . Then the maximal solution u of (11. 2p vanishes 
at the same time T as B ko (x,t) and the rescaled solution u(x,s) given by (|1.7p converges uniformly 



R N and in L l (B 2 ,]R Ar ) as s — > 00 to the rescaled Barenblatt solution B k(j . 



We will first prove that condition (|5.2p implies the L 1 -contraction principle. 
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Lemma 5.2. Let N > 3 and < uq satisfy (|5,2p for some function < / G L 1 (IR Ar ). Suppose u 
is the maximal solution of (jl.2p in 1^ x (0, To) /or some To > 0. T/ien 

f \u(-,t)-B ko (;t)\ dx< Wfhirux) V0 < t < min (T, T ) . (5.3) 

Proof. For any k > k^, let be the maximal solutions of (|1.2[1 (cf. [Hu2j ) in 1^ x (0,T fc ) with 
initial values 

«o,ife(») = max(J3jfc(a;,0),ito(a;)) , VA; > fc 
where T& is the maximal time of extistence of the solution Uk- Since 

u (x) <u Q ^{x) <u ,k(x) < 2(N-2)kQ 1 T^ in R N Vk' > k> k 



and u, Uk are the maximal solutions of fll.2 j) with initial values uo, uo,fc respectively, by the result 
of [Hu2] . 

< u fc /(x,t) < u k (x,t) < 2(iV - 2)A^" 1 Tjv=2 < oo in M w x (0, T ) (5.4) 

for any k' > k > ko. Then T k > Ty > To for all k' > k > k$. Hence the equation (jl.2p for the 
sequence {itfc}fc>fc is uniformly parabolic on any compact subset of R N x (0, To). By the Schauder 
estimates |LSUj . {uk}k>k is equi-Holder continuous on any compact subset of R N x (0,To). Since 
the sequence of solution {uk}k>k is decreasing as k — > oo and bounded below by u, Uk converges 
uniformly to a solution v of (11.21) on every compact subset of R N x (0,To) as k — > oo. By an 
argument similar to the proof of Theorem 2.4 in |Hu2| . v has initial value Uq. Letting k — > oo in 

>«(x,<) in x (0,T ). 
On the other hand since w is the maximal solution of with initial value uq, 

u(x, t)>v(x,t) in R N x (0, T ). 
Hence u = v on x (0, Tq). Since both Bk > Bk and Uk > -B^ for any /c > fcoj by Lemma [ 



/ \B ko - u k \(x,t)dx < / \B ko -u k \{x,0)dx <\\f\\ L i (R N), \fk > k , V0 < t < min (T, T ) . 

(5.5) 

Letting A; — > oo in (|5.5p . we get (|5.3I) and the lemma follows. □ 

Note that if < u G T°°(M Ar ) satisfies (gT2J) for some function < / G L 1 (R JV ), then the 
maximal solution u of f) 1 . 2 j) and U/% have the same vanishing time. The reason is as follows. Let 
To > be the maximal time of existence of the solution u of (jl.2p . We first suppose that To < T, 
then by (pT51) 



l-Bfco^.ToJIdx < ||/||ii(RiV). 

On the other hand, since the dimension iV > 3, Bk (x,To) ^ L 1 (M Ar ). Contradiction arises. Hence 
Tq > T. We now assume that Tq > T. Letting t /• T in (15. 3p . 



|it(x,T)|da: < ||/|| L i( R iV). 

This contradicts the result of Vazquez |V1] which said that (jl.2p has no solution that is in L 1 (R N ). 
Hence T = To and the maximal solution u vanishes at the same time as Bk (x,t). 

We next prove a lemma on the existence of maximal solutions of (|1.2p . 
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Lemma 5.3 (cf. Corollary 2.8 in |Hu2j ). Let N > 3 and let g(x) = B ko (x,0) — h(x) for some 
radially symmetric function < h G L°°(R N ) n L 1 (M Ar ) be such that g{x) > on R . Then there 
exists a unique maximal solution u of (jl.2p in R N x (0, T) with initial value g. 

Proof. Since the proof is similar to that of Corollary 2.8 of |Hu2] . we will only give a sketch of the 
proof here. For any R > and any function ip E L 1 (B R (0)), let 



G R {il>){x)= (G R (0,y)-G R (x,y))^(y)dy V|x| < R 

JB R (0) 

where G R is the Green function for the Laplacian on B R (0). Since no is radially symmetric and 

B ko (x,0)>-^ V|x|>l 
for some constant C\ > 0, for any R > 1, we have (cf. [Hu2j ) 

G R (g)(x) = f X ^ ( / g{y) dy) dr > 0, V|x| < R 

Jo u N r n \J\ v \<r 



and 



G R (g)(x) > / jv— / g(y)dy dr 

Jl U N r" \Jl<\y\<r J 

> Cl w bl - ( Cl + l|/t|lL1(R " ] ) (1 - \x\ 2 ~ N ) 



Hence there exist constants i?i > 1 and C*2 > such that 

G R (g)(x) > C 2 log \x\ Vi?i < |x| < R. (5.6) 

Then by (|5.6p and the result of [Hu2j , (jl.2j) has a unique maximal solution u with initial value g in 
K x (0, Ti) for some constant T\ > 0. Since the solution u is unique and g is radially symmetric, 
u(-,t) is radially symmetric in x (0,Ti). Let T2 > be the maximal time of existence of the 
solution u. By the discussion just before the lemma we have T2 = T and the lemma follows. □ 

By Lemma 1.8 of |Hu2j . Lemma \5A\ and an argument similar to the proof of Corollary 2.8 of 
|Hu2j we have the following corollary. 

Corollary 5.4. Let N > 3 and let £>k (x, 0) — h(x) < uq(x) < Bk (x,0) for some radially symmetric 
function h £ L°°(R N ) n L 1 (R N ) satisfying < h(x) < B ko (x,0) on R N . Then there exists a unique 
maximal solution u of (jl.2p in R N x (0,T) satisfying < u(x,t) < Bk (x,t) in R N x (0, T) with 
initial value uq. 



Lemma 5.5. Let N > 3. Suppose uq satisfies (15. ID . (I5.2p . and u is the maximal solution of (jl.2p . 
T/ien i/iere exisi positive constants C\, C2, C3, ro, so swc/i i/iai t/ie rescaled function u given by 
(|1.7p satisfies 



e -C 3 e*\\f\\ Ll e C 3 e'\\f\\ Ll 



Ci - ■ 2 < «(r, s) < C 2 - Vr > r , s > s - (5.7) 

1 + r z 1 + r z 

Proof. We will use a modification of the proof of Proposition 6.2 of |DS1| to prove the lemma. 
We will first prove (|5.7p under the assumption that uq is radially symmetric. Let {uk}k>k be 
the sequence constructed in the proof of Lemma 15.21 As observed in the proof of Lemma 12.21 the 
function 

w k {x) = J I log u k - log B ko I (x, t) dr V0 < I < t < T 
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satisfies 

Aw k {x) > -\u k - B ko \(x,l) mR N VO < I < t < T 

and 

A{w k - Z k (; I)) > in R N VO < I < t < T 

where Z k (x,l) is given by 

Z k (x,l) = -JjZT I \u k - B ko \(y,l)dydp, r = \x\. 

Jr ^NP J\y\<p 

Note that Z k satisfies AZ k (x,l) = —\u k — B ko \(x, I) in R N . Then, as in the proof of Lemma 12.21 

w k {x) < Z k (x,l) inR N . 

Thus 

w k (x) < C 3 , r = \x\> 1, (5.8) 



for some constant C 3 > 0. By ([5jZ]), (J53p and (1531) . 

1 * log £ fco (s, r ) dr - C 3 } < j\ogu k (x,r) dr < j' log B ko {x,r) dr+C 3 l " ' (5.9) 

holds for any r = \x\ > 1 and < I < t < T. We now let t G [3T/4, T) and choose Z G [T/2,T) 
such that T — t = t — I. For any I < t < t, 



N 

, . 2(iV-2)(T-/)i!- 2 2(JV-2)[2(r-<)+]^=5 w . , 
S fco (x,r) < ^ A _/+ = -i ^ 1 V _/ +J = 2— B k0 (x,t) 

k + (T-t)^- 2 \x\2 k + (T-t)^- 2 \x\ 2 

and similarly 

N 

B ko (x,r)>2-N=2B ko (x,l) VKt<T. 

Hence 

(t-0 {log B ko (x,l) -log 2^} <y log B kQ (x,r)dT<(t- 1) {log B ko (x,t) + log2^Y (5.10) 
By U538) and ([5TTD]) . 

log < j^j £ log u k (x,r)dT < log (C 4 B ko (x,t)) V|x|=r>l (5.11) 

where C4 = e 3 T -' 2^-2. Since Ufc satisfies the Aronson-Benilan inequality (cf. |Hu2j ). 



u t < - in R N x (0,T), 



we have 



—u k (x,t) < u k (x,r) < —u k (x,l) \/x G M^,Z <t <t 

log u k (x, t)^ < log u k {x,T)dT < log (^u k {x,l^j VxeR N ,l<T<t. (5.12) 
Now by our choice for I we have t/7 < 2. Then by (|5.1ip and (|5,12[) . 

«k(M) < C B e Gs T=*"J9 fco (x,t) V |x| > 1, 3T/4 <t<T (5.13) 

and 

M fc (x,/) > C 6 e~ C3 ^=^B ko (x,l) V |x| > 1, 3T/4 < I <T (5.14) 
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for some constants C5, Cg > 0. Letting k — > 00 in (|5.13p and (|5. 14|) . 

C 6 e~ C3 ^~B ko (x,t) < u(x,t) < C 5 e° 3 ^^B ho (x,t) V \x\ > l,3T/4 <t<T. (5.15) 
By (|5.15p we conclude after rescaling, 

P" C se s \\f\\ L i p-C3e s ||/|| L i 

Ci — 2 < u(r,s) < C 2 —— 2 , Vr > T l ^ N ~ 2 \s > -log(T/4) 
1 + r z 1 + r z 

for some constants C\ > 0, C2 > 0. 

When uo(x) is nonradial and satisfies (|5.2p . by the above result for the radially symmetric initial 
data case and an argument similar to the last step of the proof of Proposition 6.2 of [DS1] on p. 118 
of |DS1| the lemma follows. □ 

Proof of Theorem 1 5. 1\ By Lemma 15.51 there exist positive constants C\, C2, C3, so and ro such 
that (|5.7|) holds. Let si > so > — logT and = B ro (0) x (sq,s±). Then there exist constants 
C 4 > 0, C 5 > such that 

-^-2 < u(x, s) < (5.16) 

1 "T '0 



on the parabolic boundary d p Q^ = (B ro (0) x {so}) U (dB ro (0) x (so,si)). By the maximum 
principle, 

-^- 2 <u( X ,s)<-^-, mQ%. (5.17) 

By (I5TT6]1 and (f5T7D . 

: °f , 2 <g(x,a) < - C f |2 onM^ x [s ,si) 
1 + \x\ z 1 + |x| z 

for some constants C4 > 0, C' 5 > 0. Hence u — Bk satisfies f|3.3[) in R N x [s , 00) with 

dO 



a(x, s) 



lo 9u + {l-6)B ko 

and a satisfies (|3.ip for some constants Ci > and C2 > 0. By (|5.ip . 

. 2(iV-2) „ . 

it(a;,s) < j— p£ in K x [so, 00). 

kq + |x| z 

Hence 

, . . . /lQ "I - Ixl Mr \ 

a{x,s) > _ 2 ^ inK x[s ,oo). 
Then by an argument similar to the the proof of Theorem 11.21 in section U the theorem follows. □ 
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